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Abstract. We investigate the 9Be+208Pb elastic scattering and fusion at energies around
the Coulomb barrier. The 9Be nucleus is described in a α+ α+ n three-body model, using
the hyperspherical coordinate method. The scattering with 208Pb is then studied with the
Continuum Discretized Coupled Channel (CDCC) method, where the α+ α+ n continuum is
approximated by a discrete number of pseudostates. Optical potentials for the α+208Pb and
n+208Pb systems are taken from the literature. We present elastic-scattering and fusion cross
sections at different energies, and investigate the convergence with respect to the truncation
of the α+ α+ n continuum. A good agreement with experiment is obtained, considering that
there is no parameter fitting. We show that continuum effects increase at low energies.
1. Introduction
Many experiments have been performed with the 9Be nucleus, used as a target or as a projectile
[1]. Although 9Be is stable, it presents a Borromean structure, as the well known halo nucleus
6He. None of the two-body subsystems α + n or α + α is bound in 9Be, which has important
consequences on the theoretical description of this nucleus. Precise wave functions must include
the three-body nature of 9Be. The hyperspherical formalism [2] is an ideal tool to describe three-
body Borromean systems, as it does not assume a specific two-body structure, and considers
the three particles α+ α+ n on an equal footing.
In the present work, we aim at investigating 9Be scattering and fusion on an heavy target.
The reaction framework is the Continuum Discretized Coupled Channel (CDCC) method [3–5],
which is well adapted to weakly bound projectiles since it allows to include breakup channels.
Over the last decades, the CDCC method has been extended in various directions, and in
particular to reactions involving three-body projectiles such as 6He [6] or 11Li [7]. Going from
two-body projectiles (such as d=p+n or 7Li=α+t) to three-body projectiles strongly increases
the complexity of the calculations, even if both options eventually end up with a standard
coupled-channel system.
Many data have been obtained for 9Be+208Pb elastic scattering [8, 9] and fusion [10, 11].
These experimental data provide a good opportunity to test 9Be wave functions. Previous
CDCC calculations, using a two-body approximation for 9Be, show that breakup effects are
important [9, 12, 13]. In a two-body model, 9Be is assumed to have a 8Be + n or 5He + α cluster
structure. This approximation presents several shortcomings: (i) 8Be and 5He are unbound, and
assuming a point-like structure is questionable; (ii) in a more rigorous three-body approach, both
configurations are strictly equivalent, and the relative importance of the 8Be + n and 5He + α
channels is not relevant; (iii) a two-body model of 9Be requires 8Be+208Pb and 5He+208Pb
optical potentials, which are not available. These different issues are more precisely addressed
in a three-body model of 9Be. No assumption should be made about the cluster structure, and
α+208Pb as well as n+208Pb optical potentials are available in the literature.
2. Three-body model of 9Be
The determination of the 9Be wave functions is the first step for the 9Be+208Pb CDCC
calculation. The spectroscopy of 9Be in cluster models has been performed in previous
microscopic [14–16] and non-microscopic [17–19] models. For a three-body system, the
Hamiltonian is given by
H0 =
3∑
i=1
p2i
2mi
+
3∑
i<j=1
Vij(ri − rj), (1)
where ri and pi are the space and momentum coordinates of the three particles with masses mi,
and Vij a potential between nuclei i and j. For the α+α interaction, we use the deep potential
of Buck et al. [20]. The α+n interaction is taken from Kanada et al. [21]. Both (real) potentials
accurately reproduce the α+ α and α+nucleon phase shifts over a wide energy range.
With these potentials, the 9Be ground state is too bound (−3.12 MeV, while the experimental
value is −1.57 MeV with respect to the α+ α+ n threshold). We have therefore introduced a
phenomenological three-body force as
V3B(ρ) =
V0
1 + (ρ/ρ0)2
, (2)
where ρ0 = 6 fm [22]. Using V0 = 2.7 MeV provides the experimental binding energy of the
3/2− ground state. The r.m.s. radius, the quadrupole moment, and the magnetic moment are√
r2 = 2.36 fm, Q(3/2−) = 4.96 e.fm2, and µ = −1.33 µN , respectively. These values are in fair
agreement with experiment (2.45 ± 0.01 fm, 5.29 ± 0.04 e.fm2 and −1.18 µN , respectively)
3. The CDCC method
We present here a brief outline of the CDCC method, and we refer to Ref. [23] for specificities of
three-body projectiles. The CDCC method is based on approximate solutions of the projectile
Hamiltonian (1)
H0Φ
jmpi
k = E
jpi
0,kΦ
jmpi
k , (3)
where k are the excitation levels in partial wave jpi. Solutions with Ejpi0,k < 0 correspond to bound
states of the projectile, whereas Ejpi0,k > 0 correspond to narrow resonances or to approximations
of the three-body continuum. These states cannot be associated with physical states, and are
referred to as pseudostates.
The Hamiltonian of the projectile + target system is written as
H(R,x,y) = H0(x,y)− h¯
2
2µPT
∆R + V (R,x,y) (4)
where µPT is the reduced mass of the system, and R the relative coordinate (see Fig. 1). The
Jacobi coordinates x and y are proportional to rBe−n and rα−α, respectively. The potential term
reads
V (R,x,y) = V1t(R,y) + V2t(R,x,y) + V3t(R,x,y) (5)
where the three components Vit are optical potentials between fragment i and the target.
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Figure 1. Coordinates involved in the present four-body model.
In order to solve the Schro¨dinger equation associated with (4), the total wave function with
angular momentum J and parity Π is expanded as
ΨJMΠ(ω) (R,x,y) =
∑
jpikL
ϕJMΠjpikL (ΩR,x,y)g
JΠ
jkL(ω)(R), (6)
where ω is the entrance channel, and where the channel wave functions are given by
ϕJMΠjpikL (ΩR,x,y) = i
L
[
Φjpik (x,y)⊗ YL(ΩR)
]JM
. (7)
The radial functions gJΠc (R) (we use the notation c = (j, pi, k, L)) are obtained from the system
[
− h¯
2
2µPT
(
d2
dR2
− L(L+ 1)
R2
)
+ Ec − E
]
gJΠc(ω)(R) +
∑
c′
V JΠc,c′ (R)g
JΠ
c′(ω)(R) = 0, (8)
where E is the c.m. energy, and where the coupling potentials are given by matrix elements
V JΠc,c′ (R) = 〈ϕJMpic |V |ϕJMpic′ 〉. (9)
As the fragment-target potentials (5) are optical potentials, matrix elements (9) contain a real
and an imaginary parts. The integration is performed over ΩR and over the internal coordinates
x and y. The calculation of these coupling potentials is much more complicated for three-body
projectiles than for two-body projectiles. Out of the three potentials Vit in (5), matrix elements
of V1t are the easiest since V1t does not depend on x. The calculations of the two remaining
terms V2t and V3t are performed by using the Raynal-Revai coefficients (see Refs. [23, 24] for
detail). We solve Eq. (8) with the R-matrix theory [25].
4. Application to the 9Be+208Pb system
4.1. Elastic scattering
The calculations are performed with the jpi = 3/2−, 5/2−, 1/2+ partial waves on 9Be, and the
cutoff energy is 10 MeV. Figure 2 shows 9Be+208Pb elastic cross sections at various energies
(the data are taken from Refs. [8, 26]). In contrast with optical-model calculations [8], no
renormalization of the potential is needed. The absorption is simulated by the imaginary parts
of the α−208Pb and n−208Pb interactions, and by the α + α + n discretized continuum. From
Fig. 2, it appears that continuum couplings are more important at low energies. At E = 38
and 44 MeV, the single-channel calculation, limited to the 9Be ground state (dotted lines) is
significantly different from the data. This confirms the conclusion of a previous work [27] which
suggests that continuum couplings are more important at low energies.
Calculations involving 3/2− pseudostates are shown as dashed lines, and the full calculations
as solid lines. The effect of the 1/2+ partial wave is minor, and the main differences stem from
the 5/2− pseudostates.
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Figure 2. 9Be+208Pb elastic cross sections (divided by the Rutherford cross section) at different
9Be laboratory energies, and for different sets of 9Be partial waves. The experimental data are
taken from Ref. [8] (filled circles) and Ref. [26] (open circles).
4.2. Fusion
The 9Be+208Pb fusion reaction has been studied theoretically by several groups (see Ref. [28] and
references therein). Data about the various mechanisms (total TF, complete CF and incomplete
ICF fusion) are also available in the literature [10, 11, 29].
The total fusion cross section σTF is defined from [30–32]
σTF (E) =
pi
k2
∑
JΠ
(2J + 1)T JΠ(E), (10)
where k is the wave number, and T JΠ is a transmission coefficient in partial wave JΠ. It can
be obtained from the scattering matrices as
T JΠ(E) =
1
(2I1 + 1)(2I2 + 1)
∑
Lω ,L
(
δLωL − |UJΠωLω ,ωL(E)|2
)
, (11)
where I1 and I2 are the spins of the colliding nuclei. Using flux conservation properties, the
transmission coefficient can be expressed from the imaginary part W JΠc,c′ (R) of the coupling
potentials [32]. It is therefore strictly equivalent to
T JΠ(E) = −4k
E
1
(2I1 + 1)(2I2 + 1)
∑
Lω
∑
α,α′,L,L′
∫
gJΠωLω ,αL(R)W
JΠ
αL,α′L′(R) g
JΠ
ωLω ,α′L′
(R) dR, (12)
where index α stands for α = (j, pi, k), i.e. it does not depend on the angular momentum L
(in other words c = (α,L)). This derivation is more complicated since it requires the wave
functions, but it provides a better accuracy at low energies, where the scattering matrix is close
to unity. It also provides an approximate method to distinguish between CF and ICF [33].
The TF cross section is shown in logarithmic (Fig. 3) and linear (Fig. 4) scales. Convergence
against 9Be states is rather fast, except below the Coulomb barrier where neglecting breakup
channels leads to an underestimation of the cross section. Breakup effects, however, introduce
a strong enhancement of the cross section at low energies. Similar conclusions have been drawn
by Jha et al. [28].
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Figure 3. 9Be+208Pb total fusion cross
section in a logarithmic scale. The data are
taken from [10].
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Figure 4. See Fig. 3 in a linear scale.
5. Conclusion
We have applied the CDCC formalism to the 9Be+208Pb system. In a first step, we have
computed 9Be wave functions in a three-body α+ α+ n model. These calculations were
performed for low-lying states, but also for pseudostates, which represent positive-energy
approximations of the continuum. The main advantage of the hyperspherical approach is that
it treats the three-body continuum without any approximation concerning possible 8Be + n or
5He + α cluster structures, which are in fact strictly equivalent.
The three-body model of 9Be relies on α+ α and α+ n (real) interactions, which reproduce
very well the elastic phase shifts. With these bare interactions, the 9Be ground state is slightly
too bound. We therefore introduce a phenomenological three-body force to reproduce the
experimental ground-state energy. The spectroscopic properties of low-lying states is in fair
agreement with experiment.
We used first the 9Be wave functions in a CDCC calculation of the 9Be+208Pb elastic
scattering at energies close to the Coulomb barrier. As expected, including continuum channels
improves the theoretical cross sections. A fair agreement with the data is obtained.
We also applied the four-body CDCC to the 9Be+208Pb fusion, by using the same potentials as
for elastic scattering. The total fusion cross section is found in good agreement with experiment,
except at very low energies, where we overestimate the data.
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